AN OPERATOR ALGEBRA PROOF OF THE AGLER AND 
NEVANLINNA FACTORIZATION THEOREMS 



SNEH LATA, MEGHNA MITTAL, AND VERN I. PAULSEN 

Abstract. We give a short direct proof of the Agler and Nevanlinna 
factorization theorems that uses the Blecher-Ruan-Sinclair characteriza- 
tion of operator algebras. The key ingredient of this proof is an operator 
algebra factorization theorem. Our proof provides some additional in- 
formation about these factorizations in the case of polynomials. 



1. Introduction 

Given an analytic function / on the open unit disk ID, Nevanlinna proved 
that the supremum of / over the disk is less than or equal to one if and 

only if the function l ~^^JS w ^ is a positive definite function on D. This 
latter condition is equivalent to the existence of a positive definite function 
K : B 2 —* C which is analytic in z and coanalytic in w such that 1 — 
f(z)f(w) = (1 — zw)K(z,w). Here we are following the standard usage 
of calling a function positive definite if for every choice of finitely many 
points the matrix, (K(zi, Zj)) is positive semidefinite. Later this result was 
generalized to a parallel result for analytic matrix-valued functions on the 
disk whose supremum norm was less than or equal to one. 

A remarkable extension of this result to more than one variable was given 
by Agler pp. To explain his result we need to first introduce what has come 
to be known as the Schur-Agler space of analytic functions on a polydisk. 
Given a natural number N and I = (ii, . . . , ijy) £ we set z 1 = z^ 1 ■ ■ ■ z 1 ^ , 
so that every analytic function / : H> N — ► C can be written as a power 
series, f(z) = J2i a i zI ■ K T = (Ti, . . . , Tjy) is an iV-tuple of operators on 
some Hilbert space Ti which pairwise commute and satisfy ||Tj|| < 1, i = 
1, . . . N, then we will call T a commuting N-tuple of strict contractions. It 
is easily seen that if T is a commuting TV-tuple of strict contractions then 
the power series f(T) = Y^,i a-iT 1 converges and defines a bounded operator 
on TL. The Schur-Agler space denoted by H U (B ) is defined to be the set of 
analytic functions on H) N such that ||/|| u = sup{||/(T)[|} is finite, where the 
supremum is taken over all sets of commuting N-tuples of strict contractions 
and all Hilbert spaces. In fact, the same supremum is attained by restricting 
to all commuting N-tuples of strict contractions on a fixed separable infinite 
dimensional Hilbert space. It is fairly easy to see that H U (D N ) is a Banach 
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algebra in the norm || ■ The set of such functions with \\f\\ u < 1 is called 
the Schur-Agler class. 

Given a vector space V, we let M m ^ n {V) denote the set ofmxn matrices 
with entries from V. Given F = (f itj ) £ M m , n (H u (B N )), we set \\F \\ u — 
sup{||(/jj(T))||}, where the supremum is again over all commuting N-tuples 
of strict contractions and the norm of (fij(T)) is computed by regarding 
the operator matrix as an operator from the direct sum of n copies of the 
Hilbert space to the direct sum of m copies of the Hilbert space. 

Note that when the Hilbert space is one-dimensional, then every commut- 
ing N-tuple of strict contractions T is of the form T = z = (z\, . . . , zn) £ O n , 
so that ll/IU = sup{|/(z)| : z £ B N } < \\f\\ u and hence, H U (B N ) C 
H°°(B N ), where this latter space denotes the set of bounded analytic func- 
tions on the polydisk D . When A?" = 1,2 it is known that these two spaces 
of functions are equal and that \\F\\ U = ||-F||ooj f° r an m an d n. This is a 
consequence of theorems of J. von Neumann[7], Sz.-Nagy[6] and Ando[3j. 

For N > 3, it is known that these two norms are not equal. However, it is 
still unknown, for a general N > 3 if these two Banach spaces define the same 
sets of functions, since by the bounded inverse theorem, ^(D^) = H°°(B) N ) 
if and only if there is a constant Kjy such that < -Kjv||/||oo- The 

existence of such a constant is a problem that has been open since the early 
1960's. For more details on all of these ideas one can see Chapters 5 and 18 
of [8]. A note of caution, in [1] it is stated that H U (B N ) / H°°(B N ), N > 3, 
but what is meant is that the norms are not equal and the question of 
whether or not they are equal as sets is, indeed, still open. 

Agler's factorization theorem[l] says that F G M min (H u (B N )) with ||F|| U < 
1 if and only if there exist positive definite matrix-valued functions Ki : 
O n x H> N — > M m ,i = 1, . . . ,N, which are analytic in the first N variables 
and coanalytic in the second N variables, such that I m — F(z)F(w)* = 
Yli=iO- ~ ZiWi)Ki(z,w). When m = n = N = 1, Agler's result reduces 
to Nevanlinna's factorization theorem since in that case ||/||oo = by 
von Neumann's inequality |7J. The book by Agler and McCarthy[2j is an 
excellent source for further information and background on this result. 

In this paper we show that Agler's factorization result is a direct conse- 
quence of the factorization ideas of Blecher and the third author [4] arising 
from the abstract theory of operator algebras. Our proof has the advantage 
of being relatively short, assuming the abstract characterization of operator 
algebras [5], and of giving some possibly new information on the form of the 
positive definite functions Ki that appear in the Agler factorization. Our 
proof uses an observation of McCullough's, summarized in Theorem 3, which 
essentially says that the Fejer kernel behaves as an approximate identity in 
the -u-norm as well as in the sup-norm. 
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2. Main Results 

We let Vn C H u (p ) denote the subspace spanned by the polynomials 
in N variables endowed with the || • \\ u norm. The equivalence of (i) and (ii) 
in the following theorem is a restatement of results found in [4] and in the 
book [HI Chapter 18], we will sketch a proof for clarity. The equivalence of 
(i) and (iii) is a useful variant of Agler's factorization result for polynomials. 

It will be convenient to say that matrices, A\, . . . A m are of compatible 
sizes if the product, A\ ■ ■ ■ A m exists, that is, provided that each A4 is an 
rii x n-j+i matrix. 

Theorem 1. Let P = (pij) £ M m ^ n (VN)- Then the following are equivalent: 
W \\P\\u < 1, 

(ii) there exists an integer I, matrices of scalars Cj,l < j < I with 
\\Cj\\ < 1 , < j < I and diagonal matrices Dj,l < j < /, each con- 
sisting of monomials in one of the variables, Zi- which are compatible 
sizes and are such that P(z) = CoDi^z^.-.D^Zi^Ci, 

(iii) there exists a positive, invertible matrix R G M m and matrices of 
polynomials Pi,0 < i < N, such that 

I m - P(z)P(w)* = R + P (z)P (wY + E,=i(l - z t wl)P l {z)P i {wY 
where z = (z±, zn),w = (w\, wn) £ D w . 

Proof. We will first prove that (i) implies (ii). Note that for m, n G N and 

P = ( Pij ) £ M m , n (V N ), 

\\P\\ U = • SM P{||( 7r (Pij))l|}> where the supremum is taken all unital algebra 
homomorphisms ir : Vn B(TC) such that ||7r(zj)|| < 1 for each i = 1, . . . ,N 
and all Hilbert spaces 7i. 

The proof that (i) implies (ii) is given in [1] and [8|. To illustrate how 
operator algebras apply, we give the outline of the proof. 

For each m, n £ N, one proves that ||P|| OT ,n := ^ n /{||Co|| • • • l|Cdl} ; defines 
a norm on M m) „('PAr), where the infimum is taken over all I and all ways to 
factor P{z) = CoDi(zi 1 ) . . . Di(zi t )Ci as a product of matrices of compatible 
sizes with Cj , < j < I matrices of scalars and diagonal matrices Dj , 1 < 
j < I whose diagonal entries are monomials in one of the variable z%. 

Moreover, one can verify that Mm.niJ^N) with this family {||.||m,n}m,n of 
norms satisfies the axioms for an abstract unital operator algebra as given 
in [5] and hence by the Blecher-Ruan-Sinclair representation theorem [5] (see 
also [8]) there exists a Hilbert space 7i and a unital completely isometric 
isomorphism tt : Vn — * BiTL). 

Thus, for every m,n £ N and for every P = (pij) G M- m ,n('PN), we have 
||-P||m,n = IK(Py)||- However, ||7r(zi)|| = < 1 and so, by the remark 

at the beginning of the proof, ||-P|| TO) n = ||(7r(Py))|| < 
This completes the proof that (i) implies (ii). 

We will now prove that (ii) implies (iii). Suppose that P has a factoriza- 
tion as in (ii). We will use induction on I to prove that (iii) holds. 
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First, assume that I = 1 so that P{z) = CoDi(zi 1 )Ci. Then, 

I m -P{z)P{w)* = Im-iCoD^dXCoD^d)* 

= (I m - C C *) + Co (/ - D 1 (z il )D 1 (w il )*) C * + 

(1) C D 1 (z il ) (1 - c 1 ct)D 1 (w ll yc^. 

Since Di(zi 1 ) is a diagonal matrix of monomials in z^, the (k, k)-th diagonal 
entry of / — Di{z)D\(w)* is 1 — z^vJi^k for some n^. Thus, 

1 - z"}wl?l = (1 - + ^u^u + ■ ■ ■ + W 1 *" 1 ) 

where A^z^) = (1, ZjpZ?, . . . , z i fc ), is a 1 x matrix of monomials in 
Zi 1 Hence, 

C (l - Di^JDi^)*)^ = (1 - Zi^CoAMAiwiYCS, 
where A(zi) is the direct sum of the matrices, A\. Therefore, 

(2) C (l - Di{z)Di(w)*)Cq = (1 - ^IZ^)P n (z)P n H*, 
where 

P n (z) = C Ai(z il ). 

Setting P (z) = CqD^z^I - CiQ) 1 / 2 , we have that 

I m - P(z)P(w)* = (I m - C C *) + P (z)P (w)* + (1 - z n ^)P 1 (z)P 1 H*, 

so the form (iii) holds, when 1 = 1. 

We now assume that the form (iii) holds for any P(z) that has a factor- 
ization of length at most I — 1, and assume that 

P{z) = C D 1 (z il )---D l - 1 (z il _ 1 )C l - 1 D l (z il )C l = CoD^ZiJPi-iiz), where 
Pl-i(z) has a factorization of length Z — 1. 

Note that a sum of expressions such as on the right hand side of (iii) is 
again such an expression. For example, 

N 

Ro + P (z)P {w)* + ^(1 - ZiWi)Pi(z)Pi(w)* 
i=l 

N 

+ B + Q (z)QoH* + ^(1 - ZiW^Q^Qiiw)* 

i=l 

N 

= H + S (z)S (w)* + - ZiWi)Si(z)Si(w)*, 

i=i 

where Hq = Rq + Bq is positive and invertible, and Si{z) = (Pj(z), Qi(z)). 
Thus, it will be sufficient to show that (J m — P(z)P(w)*) is a sum of expres- 
sions as above. 
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To this end we have that, 

i m - p(z)p( w y = (i m - c c *) + c (i - fli^jDiK)*)^ 

+ (c D 1 (z h ))(i - p^p^iwyyDiiw^ycz). 

The first two of these three terms can be seen by the above arguments to be of 
the form as on the right hand side of (iii). The quantity (I— Pi-i(z)Pi-i(w)*) 
is of this form by the inductive hypothesis. Finally, note that if H(z, w) can 
be written as such a sum, then so too can Q(z)H(z,w)Q(w)* , so it then 
follows that the third term is also of the required form. 

Finally, we will prove (iii) implies (i). Suppose the (iii) holds. Then for 
any commuting TV-tuple of strict contractions T = (Ti, . . . , Tjv), using the 
argument of uniqueness of power series, we have 

JV 

I m - P(T)P(T)* = R + P (T)P (T)* + £ Pi(T)(l - TiT*)Pi(T)* . 

i=i 

Clearly, each term on the right hand side of the above inequality is positive 
and since R is strictly positive, say R > 5I m for some scalar 5 > 0, we have 
that I m - P(T)P(T)* > 5I m 

Therefore (1 - S)I m > P(T)P(T)*, which implies \\P(T)\\ < y/T^. Thus, 
since T was arbitrary, \\P\\u < \/l — <5 < 1, which proves (i). □ 

Corollary 2. Let P = (pij) £ M„ hn {VN)- If \\P\\ U < 1, then there exist 
positive definite matrix-valued functions, Ki : B w x 3 N — > M m , < i < N, 
whose components are polynomials such that 

N 

I m - P(z)P(wy = K (z, w) + - ZiWi)Ki(z, w), 



for all z,w £ 



Proof. Usiing the form in (iii), we set Kq(z,w) = R + Po(z)Pq(w)* and 
K l (z,w)=P l (z)P i (w)*,l<i<N. □ 

One of the advantages of the above factorization over Agler's form is 
that, since each positive definite function K{ consists of polynomials, the 
associated reproducing kernel Hilbert spaces will be finite dimensional spaces 
of C m - valued polynomials. 

To see the connection between the factorization occurring in our (iii) and 
Agler's factorization, note that each of the terms, Ki(z, w) = Pi(z)Pi(w)* ,i > 
2 is a positive definite matrix-valued function that is analytic in the z vari- 
ables and coanalytic in the w variables. If we set 

r + p (z)p (wy + p^p^wy 

Ki{z,w) = = , 

1 — Z±Wi 

Then K\(z, w) is also a positive definite matrix- valued function that is 
analytic in z and coanalytic in w and we have that I m — P(z)P{w)* = 
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— ZiWi)Ki(z,w). Unfortunately, when written in this form, the re- 
producing kernel Hilbert space associated with this new function K%, will 
generally be an infinite dimensional Hilbert space of analytic C m -valued 
functions, even though P(z) was only polynomial valued. 

To pass from the above theorem for polynomials to the full version of 
Agler's theorem, we need to first show that functions in M m ^ n (H u (0 N )) 
have nice approximations by matrices of polynomials. Note that if we write 
a matrix of analytic functions F G M m ^ n (H u (J]> N )) , F = (fij) as a power 
series, F{z) = ^tAjz 1 , where Aj G M m>n are scalar matrices, then for 
any commuting iV-tuple of strict contractions we will have that F(T) = 
^2 A j &T 1 where by the tensor product of an m x n scalar matrix B = (bij) 
and an operator R G B(7i) we mean the operator B <g> R = (bijR) from the 
direct sum of n copies of H to the direct sum of m copies of 7i. 

The following fact is also used in Agler's proof [I]. 

Lemma 3. Given any factorization of the form in Agler's theorem 

I m — F(z)F(w)* = Yli=iO- ~ z£Wi)Ki{ z i w )i ea °h °f the functions Ki(z,w) 

satisfy, \\Ki(z,w)\\ 2 < ( 1 _| z .p)( 1 _| tu .p) an ^ hence are locally bounded inH) N . 

Proof. For z = (z\, . . . , Zjq) G B) N , we have that (1 — \zi\ 2 )Ki(z, z) 
< I m -F(z)F(z)* < I m , and hence, \\K(z,z)\\ < 

As eack Ki is positive definite, using the positivity of the 2x2 block ma- 
trix corresponding to the pair of points, z,w G J} N , we obtain ||-fCj(z, w)\\ 2 < 
\\Ki{z,z)\\ ■ \\K t {w,w)\\ < {l _\ Zi? l {l ^ Wi?y 

This inequality shows that ||-?Q(£, w)\\ is uniformly bounded on (rO ) x 
(rJ} N ) for any < r < 1, and hence locally bounded. □ 

Theorem 4. Let F G M m , n {H u (B N )) with F(z) = Y^iMz 1 for z G B N . 
Then the sequence {P n } of matrices of polynomials P n (z) = ^|n< n (l — 

^j)Ajz i converges locally uniformly to F and \\P n \\u < ll-^llw f or eac h n - 
Conversely, if there is a sequence of P n , matrices of polynomials, converging 
to F pointwise on B w with \\P n \\u < 1 for each n, then \\F\\u < 1- 

Proof. Fix an n G N and consider the Fejer kernel, 

F n (0) = ^S, i=0 ^ for 9 G [0,2vr]. 

Note that for each fixed z G H> N the function 6 -> F(ze ie ) = F(z 1 e ie , . . . , z N e ie ) 
is continuous. We define P n (z) = i F(ze ie )F n (e ie )d6 for z G B N , 
where the integration is in the Riemann sense. A direct calculation shows 

that P n (z) = Y,\i\< n 0- ~ ^fr) A i z i, where \I\ = h H h in- 

Next check that for a fixed commuting iV-tuple of strict contractions, 
T = (Ti, . . . , Tat), on a Hilbert space H, the map 9 F^e 16 ', . . . , T N e ie ) is 
continuous from the interval into B(TC) equipped with the norm topology. 
This follows from the fact that since we are dealing with strict contractions, 
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F(Te ld ) is a norm limit of partial sums of its power series. It now follows 
that 



Pn(T) = ^f^F(Te^)F n (e^)de, 



where the integration is again in the Riemann sense. 
Thus, 

||P„(T)|| < ±- r \\F{Te m )\\F n (e w )d6 < \\F\\ U 

and we have shown that ||P n ||u < ||P|U- 

The fact that P n converges to F locally uniformly is a standard result for 
scalar valued functions. To see directly in our case note that for z £ TD N , we 
have that 

DM_V (n+l-|/|) a I _ S (z)+-+S n (z) 

^n{Z) — Z^\I\<n K+l AlZ ~ n+1 ' 

where S k {z) = Y,\i\<k A i z ^ k = l,...,n. 
So, P n — > F locally uniformly on J} N . 

For the converse, let {P n } be a sequence of M m>n valued polynomials 
with || P n || u < 1 and converging to F pointwise on Tfr N . 
For each n, ||P n ||oo < l|PnlU — 1- This implies that there exist a subse- 
quence {P nk } which converges to a. function G G J^m^n 

(H°° (B N )) in the 

weak* topology and, hence, that {P nk } converges to G uniformly on com- 
pact subsets of B> N . 

Thus, G = F and {P nk } converges to F uniformly on compact subsets of 
B N . 

If we now take T = (Ti, . . . , T/v) a commuting iV-tuple of strict contractions, 
then there is an r < 1, so that ||Tj|| < r for all i. Since the polynomials con- 
verge to F uniformly on the closed polydisk of radius it follows by the 
Riesz functional calculus that P nk (Ti, . . . , TV) — ► P(Tl, . . . , T/v) in norm. 

Therefore, ||P(T)|| = lim*-**, ||P„ fc (T)|| < 1 and, hence, ||F|| U < 1. □ 
We can now prove Agler's theorem. 

Theorem 5 (Agler's Factorization Theorem). Let F £ M m ,n{T~i°°^ N ))- 
Then \\F\\ U < 1 if and only if there exist positive definite functions Ki : 
O n x H> N — ► M m , 1 < i < N, analytic in the first variable and coanalytic in 
the second variable, such that 

1 - F(z)F(w)* = Eili(l - ZiWi)Ki(z, w) 
where z = (z±, . . . , zn),w = (w±, . . . ,wn) € O n . 

Proof. Let ||P|| U < 1. By Theorem 3, there exists a sequence {P n } of ma- 
trices of polynomials such that P n converges to F locally uniformly on 
with ||P n |L < 1 for each n. 
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Since ||-Pn|U < 1; by Theorem 1 and the remarks following, there exist 
positive definite functions Kf : D w x — > M m , 1 < i < N, analytic in the 
first variable and coanalytic in the second, such that 

1 - P n (z)P n (w)* = £,=i(i - Zi UH)K^(z,w), 

where z = (z\, . . . , zn),w = (w\, . . . , u>jv). 

Moreover by Proposition 3, for each (z, w) G x and for each n and 
i, ll-ftr"^,-!/;)!! 2 < So, for each fixed i G {1, . . . , N} we have 

a locally uniformly bounded sequence {K™ : n E N} of analytic-coanalytic 
functions. Thus, each of the m 2 functions that make up the coefficients of 
the matrix- valued functions, Kf : B N x D N — > M m , is locally uniformly 
bounded. 

Hence, applying Montel's theorem(m 2 iV times) there exists a subsequence 
{rik} and analytic-coanalytic functions Ki : D^xlD)^ — > M m , 1 < i < N such 
that the subsequence {K™ k } converges to Ki locally uniformly on B N x B N . 
Since each function in the subsequence is positive definite, it follows that 
each Ki is positive definite. Taking limits, we have that 

N 

I m - F(z)F(wT = lim(J m - P nk (z)P nk (w)*) = £(1 - ZiWi)Ki(z,w). 

i=l 

The proof of the converse is identical to the argument given by Agler[T]. We 
briefly recall it for completeness. Assume that we are given that 

N 

I m - F{z)F(w)* = 5^(1 - z t wl)Ki(z, w), 

i=l 

where each Ki is a positive definite M m -valued function that is analytic in 
z and coanalytic in w. 

From the general theory of reproducing kernel Hilbert spaces, it fol- 
lows that there exists separable Hilbert spaces 7ii, 1 < i < N and ana- 
lytic functions, F t : B N -» B(Hi,£ m )A < % < N, such that Ki(z,w) = 
Fi(z)Fi(w)* , 1 < i < N. For those familiar with this theory, let 7ii be the 
reproducing kernel Hilbert space of C m -valued functions constructed from 
Ki and let Fi(z) : TLi — > C m be evaluation at z. Choosing an orthonormal 
basis for TCi, one may regard Fi(z) as an m x oo matrix of analytic func- 
tions on J} N . One then verifies that for any commuting A^-tuple of strict 
contractions, 

N 

I m - F(T)F(T)* =J2Fi(T)(I - TiT*)Fi(T)* > 0, 

i=\ 

and so, ||jP(T)|| < 1. Since T was arbitrary, we have that \\F\\ U < 1. □ 

As we showed in the above proof, each analytic-coanalytic positive definite 
function, Ki : B N x B N — » M m , can be factored as Ki(z,w) = Fi(z)Fi(w)*, 
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where Fi is an m x oo matrix of analytic functions on D . Often Agler's 
factorization theorem is written in this equivalent form, i.e., as 

TV 

I m - F(z)F(w)* = - Ziwi)Fi(z)Fi(w)* . 

i=i 
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